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Semiactive Vibration Suppression of Truss Structures by
Coulomb Friction

Junjiro Onoda* and Kenji Minesugit
Institute of Space and Astronautical Science, Kanagawa 229, Japan

An approach for semiactive vibration suppression of truss structures by means of dry friction is proposed and
evaluated. The present approach employs frictional truss members and adaptively controls the frictional forces
according to the vibration condition. Because of the passive nature, the resulting system is always stable and
requires neither high speed nor accurate control, and thus, the control system can be very simple. Furthermore,
the control is suitable for local implementation. Numerical simulations of truss structures with multiple variable-
frictional members show that the present approach overcomes the disadvantages of passive-frictional damping. A
vibration suppression experiment demonstrates the practicality of this approach.

Nomenclature
a =initial amplitude of vibration
[B] =[{b1}’ {bZ}s [ ] {bma}]
{b;} =vector of influence coefficients for e;, see Eqgs. (14)
and (17)
c =amplitude of vibration after a half cycle
[E] =diagonal (EA/l;)
EA; =longitudinal stiffness of the ith element
e, e =frictional slip
{e} =vector of frictional slip, [e;, e,,..., €, a]T
e =normalized frictional slip of the ith frictional member,
eFA/(g;l)
F,F; - =dry frictional force
F, =normalized dry frictional force of the ith frictional
member, g Fi/(EA)
{f} =nodal force vector in global coordinate, 3,{f;}
{f;},  =nodal force vector of the ith element in the local
coordinate, [f}l ’ j}”Z?f}B?fkl ’ fk2’ ﬁc}]T
S =nodal force of the mth node in the nth direction
g; =jth row, ith column element of -[®]7[B]
[K] =stiffness matrix of entire system in global coordinate,
3K
K] =stiffness matrix of the ith element in global coordinate
ky, k,  =spring constants, see Fig. 1 ~
% =normalized spring constant, m? —k,
%o =normalized spring constant of the ith frictional member,
' g3 NEA)
% =normalized spring constant, 3, %,
A =length of the ith element
[M] =mass matrix in the global coordinate
m, =total number of frictional members
p =force transferred through the friction
{p} =vector of loads on the frictional members,
[pl’ Pas-- "pma]T
D; = axial load on the ith frictional member
{po} =—[BF[®1{q}
Do =ijth element of {py}
{q} =displacement vector in modal coordinate
r? =energy reduction factor per half cycle
T =control interval
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=transformation matrix from the ith local coordinates to
the global coordinates
u =displacement of mass, see Fig. 1

(73]

{u;};,  =nodal displacement vector of the ith element in the local
Coordinate, [ujl, ujz, uj::,, U1y Upos uk3]T

Uy, =displacement of the mth node in the nth direction

Upne =root-mean-square displacement

Vv =input voltage to piezoelectric actuator

B =ak,/F

v =Aek,/(2F)

Vi =AeEA;/(2F )

Yopt =optimal value of yread from Fig. 3

Ae =amount of frictional slip (i.e., the difference between the
maximum and minimum values of €) during a half
cycle, Ae=0

Ap =variation (i.e. the difference between the maximum and
minimum values) of p during a half cycle, Ap=0

3 =Kronecker delta function

4 =effective damping rate, —u(r,)/ 0T,

K =stiffness ratio, ky/k;

A =1fy,

Ag; =target value for \,

i =small positive constant

Ty =half-cycle period

[(D] =[{¢1}7 {¢2}7"', {d)n}]

{d;} =modal shape of the ith mode without any frictional slip

Q] =diagonal (®?)

(0] =natural angular frequency of single-degree-of-freedom
system shown in Fig. 1 without any frictional slip,
Ny +k)Im

o; =natural angular frequency of the ith mode of the struc-
ture without any frictional slip

Subscript

L = local coordinate

Introduction

IBRATION suppression of space structures is an important

and difficult problem because in many cases their damping is
expected to be small whereas the operational requirement for the
tolerable vibration level and the transient vibration is stringent. An
attractive approach for the problem is active vibration suppression.
Numerous works have been published on the subject with various
types of actuators. One of the most attractive actuators for active
vibration suppression of truss structures is the variable-length truss
member, which elongates and contracts, thus generating an inter-
nal force in the process. Particularly, the variable-length active
members that are composed of piezoelectric actuators have been
extensively studied because of their simplicity, light weight, and
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minimum consumption of source power.? Although this approach
is excellent, it may trigger a spillover instability when the control
logic is improper or the mathematical model employed for control
is not adequate enough due to the difficulty in identification of
space structures. In addition, the very short stroke length of piezo-
electric members may be an inherent limiting factor in many appli-
cations.

An alternative approach is passive vibration suppression,>* with
which the system is always stable, although the damping rate is
relatively slow. Among the passive approaches, vibration suppres-
sion with dry frictional mechanisms can conceptually offer several
advantages such as robustness, and lightweight hardware. In a pre-
vious study,’ the use of dry frictional mechanisms resulted in
reducing the power spectral density of vibration of a 10-kg battery
on a Japanese scientific satellite by 25 dB with a penalty of less
than 1-g mass increment, thus demonstrating its weight efficiency.
In the case of truss structures, a possible implementation for creat-
ing dry frictional force is to use telescopic members which can be
elongated and contracted. However, it also has several disadvan-
tages. When the amplitude of frictional force is small, so is its
damping amount. If the frictional force is large, the vibration
damps rapidly as long as the frictional surfaces continue to slip.
However, the surfaces cease to slip when the vibration amplitude
decreases below a certain level, and thus friction no longer contrib-
utes to the vibration suppression. In addition, static deformation
remains if the slip stops at a location other than the neutral posi-
tion. Another concern is the possible variation of the frictional
coefficients due to the variation of slip surface condition.

In this paper, we propose a semiactive vibration suppression,
which combines the advantageous features of both the active con-
trol and passive damping. In so doing we will build upon the expe-
rience we obtained during the course of the development of vari-
able-stiffness truss members.® Specifically, in lieu of the variable-
stiffness strategy,® we rely on an active control system to adjust the
frictional force according to the observed condition of the vibra-
tional motions whereas the actual dissipative functions are realized
by dry friction mechanisms. The result is a semiactive vibration
suppression system, which is always stable, at least in the sense of
Lyapunov, because the frictional element cannot supply energy to
the system. Therefore, there will be no spillover instability, and the
control system can be very simple. Even when the conditions of
the slip surfaces (i.e., the frictional coefficients) vary, the frictional
force will be adjusted by the control system. Therefore, the present
approach appears to be attractive when robustness is an overriding
concern. It seems to overcome the mentioned disadvantages while
keeping the advantages by introducing a primitive control.

Damping Characteristics of a Single-Degree-of-Freedom
System with Dry Friction

To study the damping characteristics of systems with dry fric-
tion, let us first investigate the simple system shown in Fig. 1. For
simplicity, we assume that the static and dynamic frictional forces
are identical with each other. As will be shown later, this model
represents the behavior of a single vibration mode of structures
with frictional elements. Because of the spring k,, this system is
different from the basic single-degree-of-freedom (SDOF) system
with dry friction shown in most text books. The slip displacement

Fig.1 Single-degree-of-freedom system with dry friction.
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Fig.2 Effective damping rate of single-degree-of-freedom system as a
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Fig. 3 Effective damping rate of single-degree-of-freedom system
as a function of y and .

e is introduced in addition to u to describe the state. The force p
transferred to the mass through the friction is equal to the load on
the spring &, as

p=k(u-e) M

If the external force is zero, the equation of motion of this system
is

mii +ku+ky(u—e) =0 2

When the absolute value of p is about to exceed F, the frictional

slip starts and the value of e follows the variation of u as

é =1 when F<k,(u—e) and 0 <u

=1 when —-F2k,(u—e) and 0>

i

0 otherwise 3)

To obtain the damping rate of this system, let us investigate the
half cycle when the mass has been moving toward the positive
direction causing frictional slip and then stops at the point u = a.
The initial conditions for this half cycle are

u=a (4a)
u=0 (4b)
p=F (4c)
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As shown in the Appendix, the energy of the system reduces by
the factor of 7 during the half-cycle period T, if

a>F/k, &)

where

, N1+ (a7%) + (B/%) = (2B/%) ) +x

Ty 3 6)
x+B
T,= o (cos_l [-—-—B;i—[;](:' + m tan [—22+i::3]) )

Otherwise, the energy does not reduce at all. The value of effective
damping rate { can be numerically calculated as shown in Fig. 2.

Semiactive Vibration Suppression of
Single-Degree-of-Freedom Systems

Figure 2 indicates that there is an optimal value of f which max-
imizes the damping rate for each given value of k. This fact,
together with the definition of B, means that there is an optimal
value of F according to the vibration amplitude a. The figure also
shows that the vibration ceases to damp when it is suppressed to
the level of B=1 (i.e., a=F/k,), and as a result, the amplitude of
residual vibration remains. The figure suggests that a promising
approach to obtain the maximum damping and to overcome the
disadvantage of the residual vibration is to control the value of F
according to the vibration amplitude such that the value of B is
optimal.

To implement this semiactive control, the values of F and a have
to be known. Direct measurements of these variables may not
always be easy, especially when u represents a modal displacement
as will be shown later in an example in this paper. It is convenient
if we can control F by monitoring variables that can be easily and
locally measured at the frictional element, especially for decentral-
ized control. For this purpose, let us seek another approach by
introducing another parameter ¥ which is defined as Aek,/(2F).

When Eq. (5) is held, the amount of frictional slip during the
half cycle Ae can be estimated as

Ae = a—c—-2F/k, 8

(see Appendix) where ¢ is given by Eq. (Al1). By using Eg. (8),
~ the damping characteristics of the system can be resummarized in
the term of +y instead of 8 as shown in Fig. 3 The figure shows that
there also is an optimal value for y. When Eq. (5) is satisfied, the
value of p varies from F to —F during the half cycle as shown in
the Appendix, resulting in

2F = Ap €))
As a result, the value of -y can be estimated as
Y = Aek,/Ap (10)

Therefore, when Eq. (5) is satisfied, an alternative approach is to
control F such that the value of vy is optimal by monitoring Ae and
Ap. Tt is clear that the normal force for friction should be increased
when v is too large and should be decreased when 7y is too small.
When Eq. (5) is not satisfied, the value of vy estimated from Eq.
(10) is zero because no slip occurs (i.e., Ae=0). If the mentioned
control is applied to this case, the control logic decreases F, mak-
ing the system satisfy Eq. (5). Consequently, this control logic can
be expected to work well even when Eq. (5) is not satisfied.
Because p and e can be measured easily and locally, this
approach can be easily implemented. Figure 3 also shows that nei-
ther the increment by twice nor decrement by half of the value of y
results in a drastic degradation of the damping, suggesting that
very high accuracy is not required for control. Because F is
reduced to a small level by this control logic when the vibration

has been reduced to a low level, no substantial static displacement
will remain after the completion of vibration suppression.

Equations of Motion of Truss Structures with
: Frictional Members

To investigate the application of the semiactive approach intro-
duced in the preceding section to the truss structures, let us first
formulate the equations of motion of the truss with frictional mem-
bers. We assume that the truss structure involves some frictional
members, which elongate or contract due to the frictional slip
when it is pulled or compressed, respectively, by a larger force
than the dry frictional force. Let us model each truss member by a
bar finite element and define the local coordinates, nodal forces,
and displacements of the frictional members as shown in Fig. 4.
The relation between the load in the ith frictional element and the
nodal displacements is

p; = (EA/L) (uy—u,—e) an

The characteristics of the ith element can be described as

1= K I {u}, +{b} e (12)
where
FI 00 -1 O(ﬂ
00000O0O
: EA,
[Ki]L=——-000000 (13)
L |-100 100
000000
L0 00 O 00
EA, r
{bi}L= T[lyoaoy—-lyoao] (14)

1

Equation (12) can be translated into global coordinates as follows:
i} = (K]{u} +{b}e (15)
where

(K] = [T1I[K],(T]T (16)

\frictional slp=e
i-th element

node j

Fig.4 Bar finite element with frictional slip.

1st ACTIVE MEMBER

Fig.5 Cantilevered truss beam with frictional members.
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Table 1 Values of £,/ k 1 of the example truss for each mode

Mode 1 2 3 4

5

6 7 8 9 10

ko kq 0420 0245

0.103 0.104 0.049 0.188

0.078 0.026 0.124 0.029

4 th
w=1.09X10"

3 rd
w=6.52X10"2 B

2 nd
w=3.03X10"

2

1 st

w=2.79X10"2

Fig. 6 Natural frequencies and vibration modes of cantilevered truss
beam.

{b;} = [T,]{b}, an
By assembling these element matrices, including the nonfrictional
ones, into those of the total system, the following equation can be
obtained:

{f} = (K] {u} +[B] {e} (18)

Thus, when the external force is zero, the equation of motion of the
total system is
[M] {i} + [K] {u} + [B] {e} =0 19

This equation can be translated into the modal coordinates as fol-
lows:

{4} + [Q]1 {q} = -[®]"[B] {e} (0)
where .
{u} = [®] {q} @1
and ® is normalized such that
(@17 [M] [@] = []] 2)

From Egs. (11), (14), and the definition of [T}], the load on the
ith frictional element can be obtained as
P, =- {b,}Z[T,]T{u} *ei(EAi/li) (23)

Therefore, from Eqgs. (17), (21), and (23), the vector of loads on the
frictional elements can be described as follows:

{r} = {po} ~ [E]l {e}

When the absolute value of p; is about to exceed the frictional
force F; of the ith member, the frictional slip starts in the ith mem-

@4

ber. If p; 2F; and py; >0 or p; <—F; and p,;< 0, then the frictional
slip occurs in the ith member, and the absolute value of p; remains
at F;. Therefore, e; behaves as

€, = pyl,/EA; when F;<p, and 0 <p,,
= pPodi/EA; when —F,2p, and 0 >p,

= 0 otherwise 25)
As a result, Egs. (20), (24), and (25) compose a complete set of
equations of motion for a truss structure with frictional members.

Semiactive Vibration Suppression of Truss Structures

The equations of motion of the truss structures in modal coordi-
nates which have been derived in the preceding section show some
coupling between the modes through the term of {e}. However, let
us now neglect the coupling and consider only a single mode, e.g.,
Jth mode, to estimate the order of the optimal values for F;. Equa-
tions (20) and (25) can be rewritten, using Eq. (24), as

4+ 0/q;= Y ge, = 0 (26)
4.8 e,EA,
¢, = -2 when F,<g.q - ' and 0 <8;4;
qjgjili e,EA,
= when -F,2¢g.q,~ and 0>g,4;
= 0 otherwise @7

Now consider the special case where all the frictional members
start and stop slipping synchronously by assuming the following
relation for all of the frictional members:

F, = aky, 28)

where o is a constant. Then Egs. (26) and (27) can be rewritten as

Zij+ (ki + k) qj_zk2iéi =0 29)
e;=¢; when 0.< (g;—e,) and 0 <,
=‘qj when -0 2 (qj—éi) and 0 >¢;

= 0 otherwise (30)

Because Eq. (30) is identical for all i, we can select the origin of ¢;
such that
=e, (31)

=@. = -
! a

el =e2= ren

without losing any generality. This allows the equations of motion
to be further rewritten as

4, +kig;—ky(g—€) =0 (32)
Z=qj when i’sizz(qj—é) and 0 <g;
=¢; when —E’Zizz(qj—é) and 0 >¢;
= 0 otherwise (33)
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Fig. 11 Construction of variable-friction truss member.

Fig. 12 Truss beam structure with a variable-friction member.

where

e581=62=...=2,=---=2 (34)

F=oak, 35)

Because Eqgs. (32) and (33) are of the same form as Egs. (2) and
(3), it can be seen from the analogy of these equations that the opti-
mal value of Aek,/(2F) can be roughly estimated from Fig. 3.
Furthermore, since the relation

v, =AeEA/ (2F 1) = Acky/ (2F) (36)

can be derived for all i from Eqs. (28), (34), and (35), and 2F; can
be estimated as Ap,, we can see that the friction of the ith frictional
member should be controlled such that

AeEA,/ (Apl) = Yopt @7

where -y, denotes the optimal value read from Fig. 3 for the case
of k=k 2/ k 1+

This investigation is limited to a special case due to the assump-
tion made in Eq. (28) and by the elimination of coupling between
modes. Thus, it should be noted that the obtained target value for
the control is only a rough estimation for the general cases. But it
may be used as an initial guess value in many situations.

Numerical Simulation of Semiactive Vibration
Suppression of Truss Structures

As an example, the vibration of the truss shown in Fig. 5 is
investigated. The length of the members is unity except for the

diagonal ones. The stiffness and mass per unit length of the mem-
bers are also unity, and the inherent damping is zero. Three fric-
tional members are installed so that all of the vibration modes can
be suppressed. It should be noted that the truss is stable even when
all of these frictional members are removed, because of the addi-
tional member in the bottom bay. Figure 6 shows the lowest four
vibration modes of the truss. The third mode is torsional whereas
the others are bending modes. The values of &,/k; for the lowest
10 modes of this structure are less than 0.5 as shown in Table 1.
From Fig. 3, the optimal value for Ae,FA /(Ap,l ), 1.€., Yo €N be
roughly estimated as 1.0 for all modes.’

In the numerical simulation, the values of p; and e; of each fric-
tional member are monitored for approximately a cycle period of
the lowest vibration mode, and then the maximum and minimum
values of them are obtained, and the inverse value of v; is esti-
mated for each frictional member as

r=1/y = (pl.max —ptmin) 1/ |:(eimax —e + %)) EAi] (38)

Then the value of \; is compared with the target value Ar;, and the
value of F; is varied as

if Ay < \; <2\, decrease F; by a factor of 1/1.5
if 2Ap <\, decrease F; by a factor of 1/3.0

39
if Ay > N/Ap >2, increase F; by a factor of 1.5

if Ap/2 <\, increase F; by a factor of 3.0
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Fig. 14 Block diagram of experiment setup.
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The investigation in the precedirig section suggests that the target
value Az should be approximately 1/Yop- The small positive value
. in Eq. (38) is introduced to avoid the zero division in the proces-
sor and to make the frictional force maximum (i.e., to clamp the
slip surface of the frictional member to make the structure stiff)
when the vibration has been damped out. For this reason, \, is used
in the control logic instead of +y,. The value of . should be selected
reflecting the actual noise level. '

Figures 7-10 show the results of some numerical simulations in
which the mathematical model has the lowest 10 modes: No damp-
ing is assumed except for the controlled friction. The initial condi-
tions are '

@1=¢,=¢:=1,q;=0 for i=4
g;=0foralli
F,=F,=F;=0.005

Figure 7 shows the case where the values of Ay; are 1/y,, (i.e., 1.0).
The figure shows that the lowest three modes, whose initial values
are not zero, damp relatively quickly. The higher modes, whose
initial values are zero, are excited a little by the coupling terms but
then damp out quickly. The time histories of e and p show well-
balanced variation of them. Relatively slow damping of the fifth
mode coincides with the relatively low value of k,/k; shown'in
Table 1. The diagonal active member, ie., the second one,
responds mainly to the torsional third mode. The time history of
U, indicates that the vibration amplitudes of higher modes, which
are not shown in the figure, are not so large as to affect the shape
accuracy of the structure. As has been mentioned, the structure has
its own rigidity even when all the frictional forces are zero. In
addition, the frictional force is reduced to a very low level in the
final phase of suppression and thus no substantial static distortion
is left, as shown in the figure.

Figure 8 shows the simulation results whose parameters are
identical with those of Fig. 7 except that the values of A;; are 0.5/
Vopt (i-€-, 0.5). A slightly better damping is seen in Fig. 8 than Fig.
7, suggesting that the actual optimal values of \ are less than the
value read from Fig. 3.

Figure 9 shows the results where all of the initial values are the
same as those of Fig. 7, but the frictional forces are kept constant
(0.005). The figure shows that the vibrations damip in the initial
phase. However, when they have damped to a certain level, they
do not damp any more and residual vibrations remain. Figure 10
shows the case where the frictional forces are constant at 0.001.
The figure indicates.that the amplitudes of residual vibrations are
small when the frictional forces are small, although the damping
rate is slow. A comparison of Figs. 9 and 10 with Figs. 7 and 8
clearly indicates the advantage of the present semiactive control.

Experiment
To confirm the practicality of this approach, an experiment
was performed. Figure 11 shows the construction of the vériable-
frictional truss member which was used in the experiment. A
piezoelectric actuator is installed inside the inner element of the
telescopic variable-length member. When the compressively

RELATIVE Pl 1] |
DISPLACEMENT _|_| L ]
BETWEEN 1 !
SURFACES \ i l,
[ ‘ |
FORCE ON . [ , } |
ACTIVE MEMBER A ‘
(STRAIN) ‘ ’ | [ ‘ ‘ 7:
| | H i i §
INPUT VOLTAGE T o i P
o b T
ACTIVE MEMBER . H[ﬁ—\ﬂiﬁ ‘ I
Pl | = j-1sEC [ ;
DISPLACEMENT |\ fih A J\M NN |
OF TIP MASS VUV ’ T r
) | I N [ o
L START OF CONTROL

Fig. 15 Example of semiactive vibration suppression.
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Fig. 16 Response of semiactively controlied truss structure.

preloaded piezoelectric actuator contracts, the normal force
between the outer and inner elements decreases, which then
decreases the frictional force. When the piezoelectric actuator
elongates, the normal force for friction increases, and thus the
frictional force increases. The amplitude of the frictional force is
a monotonically increasing function of the elongation, i.e., the
applied voltage to the piezoelectric actuator. This active truss
member was originally fabricated as a variable-stiffness truss
member for vibration suppression by stiffness control.® An Eddy-
current type displacement sénsor was also installed for this
experiment to measure the amount of slip (or relative displace-
ment between the outer and inner ¢lements). Because the purpose
of the experiment is to confirm the concept, weight saving and
compactness of the frictional member are not intended. :

A cantilevered, 10-bay truss beam with the variable-frictional
member at the root was constructed as shown in Figs. 12 and 13.
Each bay is 373 mm long. All of the truss members are aluminum
tubes whose diameter is 10 mm with'a thickness of 1 mmi. A mass
of 100 kg is attached at the tip of the beam. Since the tip mass is
hung by a wire to compensate for gravity, the motion of the tip
mass is limited to the horizontal plane. The first mode frequency is
1.9 Hz when the variable-frictional member is clamped, and it
decreases to 1.5 Hz when the variable-frictional member is freed
or removed. It should be noted that the truss structure is not a
mechanism even without the active member, which is a necessary
condition to eliminate the static deformation after the complete
suppression of vibration. ’

Figure 14 shows a block diagram of the experiment setup. The
strain of the active member (which represents the load p,) and the
relative displacement between the inner and outer elements of the
active member (which represents the slip e,) are fed to the proces-
sor. The processor (personal computer EPSON PC-286LS) evalu-
ates the maximum and minimum values of p, and e; for a duration
T, respectively, and then it estimates the value of A, by using Eq.
(38). When the value of \; is greater than Ap;, the processor
decreases the control voltage V by the amount of AV, thereby
decreasing the frictional force. Conversely, the control voltage is
increased when the value of A, is less than A;,. In the experiment,
the value of Ay, is 1.0. The duration T is approximately the period
of the first mode vibration, and AV'is one-tenth of the input voltage
range (i.e., Vo= Vinin)-

Figure 15 shows an example of the tést results. As soon as the
control is started while the beam is freely vibrating, the value of V
starts decreasing . When the value of V decreases to a certain level,
the frictional slip starts and the vibration starts damping. When the
amplitude of vibration decreases and the inner and outer elements
cease to slip, the control system further decreases the value of V.
As a result, the elements start slipping again, and the vibration
resumes damping. And finally, the vibration is suppressed to a very
low level. In the figure, the time history of the force on the active
member shows flat plateaus without any initial spikes when the
surfaces slip. This fact suggests that the difference between static
and dynamic frictional coefficients are negligible in this case. Fig-
ure 16 shows an example where the structure is impulsively
excited while the control system is turned on. Even in this case, the
present approach suppresses the vibration nicely.
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- Conclusions

A new approach for semiactive vibration suppression of space
truss structures has been proposed and demonstrated. The present
approach relies on dry frictional mechanisms for providing attenu-
ation and active control for adaptively adjusting the frictional
forces according to the vibration condition. Because of the passive
nature, the resulting system is always stable. A simple control
logic has been proposed, which can be locally implemented. A
simple control law for adjusting the frictional forces has been
developed based on the damping characteristics of a single-degree-
of-freedom system with dry friction. Numerical simulations for
assessing the present approach for multi-degree-of-freedom cases
have been performed on a cantilevered truss structure with three
variable-frictional members, and the results indicate the effective-
ness of the approach for multi-degree-of-freedom systems.
Encouraged by the numerical evaluation, an experiment for semi-
active vibration suppression of a cantilevered truss with a variable
frictional member was performed, which corroborates the effec-
tiveness of the approach in an actual structure. The numerical sim-
ulations and the experiment confirm that the present approach
overcomes many difficulties associated with the dry friction
approach such as the residual vibration, the static deformation, and
the possible variation of frictional coefficient, nevertheless still
keeping the robustness.

Appendix: Energy Reduction Factor and Half Cycle
Duration of Single-Degree-of-Freedom System
with Dry Friction

From Egs. (1), (4a), and (4c), the initial value of e can be calcu-
lated as 8

e =a-F/k, (A1)

In addition, the value of u continues to reduce (i.e., i< 0)
throughout this haif cycle. Therefore, it can be seen from Eq. (3)
that the frictional slip does not occur [i.e., Eq. (A1) continues to be
held] when the condition

a-2F/k,Su (A2)

is held. As a result of Eqgs. (2) and (A1), the equations of motion
can be rewritten as

mii+ kyu+ [F—ky(a-u)] = 0 (A3)

when Eq. (A2) holds. Equation (A3) can be solved, and the value
of u can be seen to violate Eq. (A2) only if Eq. (5) holds. This
means that the frictional slip occurs in this half cycle, and thus
energy dissipates, only when Eq. (5) is held. If Eq. (5) is held, p
can become equal to —F, and the frictional slip will start at that
moment. The displacement, time, and velocity of the mass at that
moment can be calculated as

u=a-2F/k, (Ad)

T, =0 cosT [(B-2-%)/(x+P)] (AS5)

= 2a0NB-1)/(1+x)/P (A6)

respectively. Because the value of e [defined in Eq. (A1)] starts to
follow the variation of u at that moment, it can be seen that

e=u+F/k, (A7)

as far as #<< 0 is held. Therefore, from Eqgs. (2) and (A7), the equa-~
tion of motion for the rest of the half cycle can be derived as

mi+ku-F =0 (A8)

From Eqs. (A4), (A6) and (AS8), the necessary time for i to
become zero can be calculated as

=0 (1+1)? tan ' [2(B-1D*/ 2+x~B)] (A9)

As a result, the half-cycle period can be obtained as 7; + 7,.

The value of ¢ which denotes the value of u at the moment when
the mass stops (i.e., at the end of this half cycle) can be calculated
from Eqgs. (A8) and (A9) and the initial conditions. But it can also
be easily calculated as follows: the difference between the initial
and the final energies is equal to the energy dissipated by the fric-
tional slip. Because the frictional slip starts at the moment when u
= a—2F/k, and stops when u=c, the stroke of the frictional slip is
estimated by Eq. (8) and the following equation is obtained:

ko, kz(F)Z ki, kz(F)Z 2F
—a +—|— - =c"+—=|— =|la-c—— |F
2 2\, 2 2\, [ kJ

(A10)
By solving this equation, ¢ can be obtained as
. 4 2
c=ﬂ([l— 1+_+(§) iﬁ} (A1)
B x \x 3

From these results, the energy reduction factor of free decay vibra-
tion per half-cycle period t, + 7, can be calculated as Eq. (6). It is
obvious that r,=1 when Eq. (5) is not held, because no slip occurs.
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